We study continuity envelopes in spaces of generalised smoothness B 
Introduction
Spaces of generalised smoothness have already been studied for long from different points of view, coming from the interpolation side (with a function parameter), see the results by Merucci [42] and Cobos and Fernandez [13] , whereas the rather abstract approach (approximation by series of entire analytic functions and coverings) was independently developed by Gol'dman and Kalyabin, see [24] [25] [26] [27] [28] 32, 33] . Furthermore, the survey by Kalyabin and Lizorkin [36] and the appendix [41] cover the extensive (Russian) literature at that time. More recently, we mention the contributions of Gol'dman [27, 28] , Netrusov [45] and Burenkov [5] . The notion was revived and extended in the way we shall use it in connection with limiting embeddings and spaces on fractals by Edmunds and Triebel [21, 22] , Leopold [38, 39] and Moura [43, 44] . Closely linked, but slightly different is the approach to more general Lipschitz spaces as developed by Edmunds and Haroske [17, 18, 29] . The present state of the art is reviewed and covered in [23] by Farkas and Leopold linking function spaces of generalised smoothness with negative definite functions-and thus referring to applications for pseudo-differential operators (as generators of subMarkovian semi-groups). Plainly, these latter applications and also the topic in its full generality are out of the scope of the present paper; it explains, however, the increased interest on function spaces of generalised smoothness quite recently. As a prototype one can think of spaces of Besov type B (with the usual modification if q ¼ NÞ:
In contrast to the above-described long history and variety of contributions devoted to spaces of generalised smoothness, continuity envelopes represent a very new tool for the characterisation of function spaces, developed only recently in [30, 31, 53] . Nevertheless, it promises by now already not only surprisingly sharp results based on classical concepts, but also a lot of applications, e.g. to the study of compact embeddings. We return to this point later. Roughly speaking, a continuity envelope E C ðX Þ of a function space X consists of a so-called continuity envelope function together with some fine index u X ; here oð f ; tÞ stands for the modulus of continuity, as usual. Forerunners of continuity envelopes in a wider sense are well-known for decades; among the big amount of work devoted to the study of limiting or sharp embeddings involving spaces that contain (at least) continuous functions we only want to mention a few: dealing with spaces of type B 
Here c is a constant independent of x; y and u; and
We studied the sharpness of this assertion and parallel questions for more general spaces in [17, 18] . These considerations led us finally to the introduction of continuity envelopes: obviously (1) results after some reformulation in
Turning to spaces defined on bounded domains, say, the unit ball UCR n for simplicity, it is reasonable to consider compact embedding operators, id : assuming that 2pppN; 0oqpN; sAR with n p oso n p þ 1; and C as above. Studying entropy numbers instead of approximation numbers in the same context, we obtain two-sided estimates of the same type.
Let us finally mention that parallel studies, when questions of (Lipschitz-) continuity are replaced by inquiries about the unboundedness of functions, led to the concept of growth envelopes in [30, 31, 53] and were continued by Bricchi, Caetano, Haroske and Moura in different settings, cf. [4, [7] [8] [9] .
The paper is organised as follows. We collect the necessary background material in Section 1; in Section 2 we obtain different equivalent characterisations for spaces B ðs;CÞ pq : This is not only needed afterwards, but also of some interest of its own. Our main result on continuity envelopes in spaces of generalised smoothness can be found in Section 3. Section 4 contains entropy and approximation number estimates representing both an application of our envelope assertions, and the starting point for further possible applications in spectral theory; however, this is out of the scope of the present paper. We shall only give a brief account on the consequences we have in mind.
Preliminaries

General notation
As usual, R n denotes the n-dimensional real Euclidean space, N the collection of all natural numbers and N 0 ¼ N,f0g: We use the equivalence ''B'' in a k Bb k or jðxÞBcðxÞ always to mean that there are two positive numbers c 1 and c 2 such that c 1 a k pb k pc 2 a k or c 1 jðxÞpcðxÞpc 2 jðxÞ for all admitted values of the discrete variable k or the continuous variable x; where ða k Þ k ; ðb k Þ k are non-negative sequences and j; c are non-negative functions. If aAR then a þ :¼ maxða; 0Þ and ½a denotes the integer part of a:
Given two quasi-Banach spaces X and Y ; we write X +Y if X CY and the natural embedding of X in Y is continuous.
All unimportant positive constants will be denoted by c; occasionally with additional subscripts within the same formula. If not otherwise indicated, log is always taken with respect to base 2.
Apart from the last section we shall always deal with function spaces on R n ; so for convenience we shall usually omit the ''R n '' from their notation.
Function spaces of generalised smoothness
Recall our introductory remarks on spaces of generalised smoothness, relating this topic with some historical background as well as the present state of the art. In our context, we shall be concerned with function spaces of generalised smoothness of Besov and Triebel-Lizorkin type, where the usual main smoothness parameter s is replaced by a couple ðs; CÞ and C is a slowly varying function (in Karamata's sense). where e is a measurable function with lim s-0 eðsÞ ¼ 0; is slowly varying (actually this is a characterisation: any slowly varying function is equivalent to a function C of the above type for an appropriate function e); in particular,
is slowly varying; we return to this particular choice in the sequel for illustration. We remark that C b is also an example of an admissible function in the sense of [21, 22] . We recall that an admissible function C is a positive monotone function defined on ð0; 1 such that Cð2 À2j ÞBCð2 Àj Þ; jAN: An admissible function is, up to equivalence, a slowly varying function (cf. Proposition 1.9.7 of [3] ).
The proposition below gives some properties of slowly varying functions that will be useful in what follows. We refer to the monograph [1] for details and further properties; see also [19, 54, Chapter V] , and, quite recently, [46, 47] . 
(with the usual modification if q ¼ NÞ is finite.
(ii) Let 0opoN: Then F ðs;CÞ pq is the collection of all f AS 0 such that jj f jF ðs;CÞ
Remark 1.5. The above spaces were introduced by Edmunds and Triebel in [21, 22] and also considered by Moura [43, 44] when C is an admissible function. For further basic properties, like the independence of the spaces from the chosen dyadic resolution of unity (in the sense of equivalent norms) we refer to [23] in a more general setting. As already mentioned in the introduction, the extensive Russian literature can be found in the survey by Kalyabin and Lizorkin [36] and the appendix [41] . If C 1 then the spaces B 
is finite (usual modification for q ¼ N); similarly for F s;b pq : These spaces were studied by Leopold [38, 39] .
ARTICLE IN PRESS
For later use we also recall a special lift property for spaces B ðs;CÞ pq ; obtained in [8] in case of C being an admissible function and in [23] for a more general situation. Let C be a slowly varying function and ðj j Þ jAN 0 a smooth dyadic partition of unity according to (5) , (6) . Denote by
Cð2
Àj Þj j ðxÞ; xAR n ;
and
Proposition 1.7. Let 0op; qpN (with poN in F -case), sAR; and C be a slowly varying function. Then J e C C is a topological isomorphism from A 
Continuity envelopes
The concept of continuity envelopes has been introduced by Haroske [30] and Triebel [53] . Here we quote the basic definitions and results concerning continuity envelopes. However, we shall be rather concise and we mainly refer to [30, 31, 53] for heuristics, motivations and details on this subject.
Let C be the space of all complex-valued bounded uniformly continuous functions on R n ; equipped with the sup-norm as usual. Recall that the classical Lipschitz space Lip 1 is defined as the space of all functions f AC such that
is finite, where oð f ; tÞ stands for the modulus of continuity,
Definition 1.8. Let X +C be some function space on R n :
(i) The continuity envelope function E X C : ð0; NÞ-½0; NÞ is defined by
oð f ; tÞ t ; t40:
(ii) Assume X = +Lip 1 : Let eAð0; 1Þ; HðtÞ :¼ Àlog E X C ðtÞ; tAð0; e; and let m H be the associated Borel measure. The number u X ; 0ou X pN; is defined as the infimum of all numbers v; 0ovpN; such that Z e 0 oð f ; tÞ tE
(with the usual modification if v ¼ NÞ holds for some c40 and all f AX :
The couple
; u X Þ is called continuity envelope for the function space X :
As it will be useful in the sequel, we recall some properties of the continuity envelopes. In view of (i) we obtain-strictly speaking-equivalence classes of continuity envelope functions when working with equivalent (quasi-) norms in X as we shall do in the sequel. However, for convenience we do not want to distinguish between representative and equivalence class in what follows and thus stick at the notation introduced in (i). Note that E X C is equivalent to some monotonically decreasing function; for a proof and further properties we refer to [30, 31] . Concerning (ii) it is obvious that (9) (9) are monotonically ordered in v and it is natural to look for the smallest possible one. Proposition 1.9. (i) Let X i +C; i ¼ 1; 2; be some function spaces on R n : Then X 1 +X 2 implies that there is some positive constant c such that for all t40;
C ðtÞ: (ii) Let X i +C; i ¼ 1; 2; be some function spaces on R n with X 1 +X 2 : Assume for their continuity envelope functions
C ðtÞ; tAð0; eÞ; for some e40: Then we get for the corresponding indices u X i ; i ¼ 1; 2; that
ARTICLE IN PRESS Remark 1.10. Plainly, by (8) and Definition 1.8(i) the above assertion (i) implies that E X C is bounded when X +Lip 1 ; those spaces will be of no further interest for us.
Equivalent characterisations of B ðs;WÞ pq
We present three different approaches to characterise B ðs;CÞ pq ; where the first method-atomic decomposition-is already known [3, 23, 43, 44] ; the latter two-by approximation and differences, respectively-are new.
Characterisation by atomic decompositions
An important tool in our later considerations is the characterisation of the spaces of generalised smoothness by means of atomic decompositions. We state this here for the B-spaces only. We refer to [43, 44] for a complete description in case of C being an admissible function and to [3, 23] for a more general situation. Recall that all spaces are defined on R n unless otherwise stated. We need some preparation. As for Z n ; it stands for the lattice of all points in R n with integer-valued components, Q nm denotes a cube in R n with sides parallel to the axes of coordinates, centred at 2
Àn m ¼ ð2 Àn m 1 ; y; 2 Àn m n Þ; and with side length 2 Àn ; where m ¼ ðm 1 ; y; m n ÞAZ n and nAN 0 : If Q is a cube in R n and r40 then rQ is the cube in R n concentric with Q and with side length r times the side length of Q: 
Characterisation by approximation
For each pAð0; N we consider the class 
(i).
Step 3: For simplicity, we shall write u B instead of u X when X ¼ B ðs;CÞ pq in the sequel. We first prove u B pq: In view of our results in the preceding steps together with (14) and another application of Proposition 1.9(ii) it is sufficient to prove u X pq for X ¼ B 
Let JAN be such that 2 ÀJ Be for e given by (20) . For simplicity, we may assume b j 0; j ¼ 1; y; J À 1: By our assumptions,
and consequently, involving (20), (21) and b j 0; joJ; additionally,
from whence we conclude vXq: Thus part (i) of the theorem is proved.
Step 5 where bAR; 0op; qpN (with poN in the F -case), 0oso1 and s ¼ n p þ s:
As a first application we can conclude some Hardy-type inequalities. This follows immediately from our above assertions together with the monotonicity (10), see [ 
Entropy and approximation numbers
We study compact embeddings of function spaces of generalised smoothness and qualify their compactness further by means of entropy numbers and approximation numbers, respectively; here we shall essentially gain from our above envelope results. First, we briefly recall these concepts.
Let A 1 and A 2 be two complex (quasi-) Banach spaces and let T be a linear and continuous operator from A 1 into A 2 : If T is compact then for any given e40 there are finitely many balls in A 2 of radius e which cover the image TðU A 1 Þ of the unit ball U A 1 ¼ faAA 1 : jjajA 1 jjp1g: Definition 4.1. Let kAN and let T : A 1 -A 2 be the above continuous operator.
(i) The kth entropy number e k of T is the infimum of all numbers e40 such that there exist 2 kÀ1 balls in A 2 of radius e which cover TðU A 1 Þ:
(ii) The kth approximation number a k of T is the infimum of all numbers jjT À Sjj where S runs through the collection of all continuous linear maps from A 1 to A 2 with rank Sok; a k ðTÞ ¼ inffjjT À Sjj : SALðA 1 ; A 2 Þ; rank Sokg:
For details and properties of entropy and approximation numbers we refer to [11, 16, 37, 48] (restricted to the case of Banach spaces), and [20] for some extensions to quasi-Banach spaces. Obviously, entropy numbers 'measure' the compactness of operators in geometrical terms whereas approximation numbers characterise it by approximation with finite-rank operators.
Remark 4.2.
A strong motivation to study entropy numbers as well as approximation numbers comes from spectral theory, in particular, the investigation of eigenvalues of compact operators. Though these consequences are out of the scope of the present paper, we briefly recall some ideas. Let A be a complex (quasi-) Banach space and TALðAÞ compact. Then the spectrum of T (apart from the point 0) consists only of eigenvalues of finite algebraic multiplicity, fm k ðTÞg kAN ; ordered as usual jm 1 ðTÞjXjm 2 ðTÞjX?X0: Carl's inequality gives an excellent link between entropy numbers and eigenvalues of T:
in particular,
This result was originally proved by Carl [10] and Carl and Triebel [12] when A is a Banach space. An extension to quasi-Banach spaces can be found in [20, Theorem 1.3.4, p. 18] . Conversely, we may also gain from the study of approximation numbers when dealing with eigenvalue estimates, where it is reasonable to concentrate on the Hilbert space setting first. Let H be a complex Hilbert space and TALðHÞ compact, the non-zero eigenvalues of which are denoted by fm k ðTÞg kAN again; then T Ã T has a non-negative, self-adjoint, compact square root jTj; and for all kAN;
see [16, Theorem II.5.10, p. 91] . Hence, if in addition T is non-negative and selfadjoint, then the approximation numbers of T coincide with its eigenvalues. Outside Hilbert spaces the results are less good but still very interesting, cf. [11, 16, 37, 48] for further details.
The interplay between continuity envelopes and approximation numbers relies on the following outcome. Proposition 4.3. Let X be some Banach space defined on the unit ball U in R n with X ðUÞ+CðUÞ: Then there is some c40 such that for all kAN; a k ðid : X ðUÞ-CðUÞÞpck
This result can be found in [7] ; it is essentially based on an estimate obtained by Carl and Stephani [11, Theorem 5.6.1, p. 178] .
We return to the function spaces studied above. Note that there cannot be a compact embedding between spaces on R n ; the counterpart for spaces A 
The same is true with B Proof. Note that the restriction pX2 is due to the lower estimate; it is, however, to expect, in view of related situations, say, when C 1; see Remark 4.6.
Step Step 2: For the estimate from below we make use of the special lift property Proposition 1.7 together with related results for C 1: Let mAR be such that 0omo1: Then by the multiplicativity of approximation numbers, (32) below. For the required extension operators we refer to [35, 41] ; see also the survey article [36] . These papers cover more general settings, too; we proceed by extension and restriction in the usual way. Concerning (30) , CðUÞ+B The usual lift operator 
where we finally applied Step 1. This yields (30) n p ; and bAR: Further entropy and approximation number results (related to the case s 1 À s 2 ¼ n p þ 1; which is out of the scope of the present paper) can also be found in [14, 17, 18, 38, 39] .
Finally, entropy numbers for embeddings of spaces of generalised smoothness were already studied in [43, Theorem 3.13] , but in the context of spaces defined on (fractal) ðd; CÞ-sets.
